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Applications of Dynamical Algebra of Invariance of 
Integrodifferential Equations 

K. A. Rustamov ~ 

R e c e i v e d  J u n e  2 ,  1 9 8 8  

General results on the algebraic properties of integrodifferential equations are 
used to obtain coherent and squeezed states and Green functions for the matrix- 
differential models of condensed matter theory. 

The study of algebraic properties of integrodifferential equations is a 
matter of general theoretical interest for anyone concerned with the most 
effective tool for the solution of pure and applied physical problems 
(Meleshco, 1986; Rustamov, 1987a). 

The present work is devoted to the application of general statements 
on the algebraic properties of integrodifferential equations (Rustamov, 
1987a) to get solutions of  such traditional problems of  quantum theory as 
the construction of coherent and squeezed states and Green functions for 
models of  condensed matter physics of matrix-differential form. As an 
example of  the effectiveness of  the suggested scheme, the Kane model 
(Kane, 1957; Rustamov, 1988) of the energy spectra of electric charge 
carriers in cubic solids will be analyzed. 

Let us consider Schr/Sdinger equations with Hamilton operators matrix- 
differential form acting on the multidimensional vector space L,. For 
instance, 

hl. l ( X l  , . . . , x j  ; O / 8 x l  , . . . , O / O X j  "~ 0 2 / O X i  O X j ,  . . . )  " " " 

n ~  . ) \h ln(X1,  ., Xj ; O/OXl,. , O/8xj; 82/0X, Oxj, .) h , , , ( . . . )  

( i , j = l , . . . , l ) ;  ( x l , . . . , x l )  e N t ;  L , , a ~ =  " 

\ x p , , ( x l , .  , x , ;  t )  
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where the functions ~ k ( X ~ , . . . ,  Xt ; t) belong to Hilbert space (k = 1 . . . .  , n). 
In many interesting cases the operator H does not depend on 

( x l , . . . ,  xt) and their symbols (Shubin, 1978) can be easily diagonalized 
(Kane, 1957; Rustamov, 1987b, 1988). 

Thus, matrix-diferential forms H will be represented as 

A ffl A-'  = 3nkAn( P1 . . . .  , Pj) 

where A is a unitary diagonalizing operation, H is the symbols of operator 
H, 3nk is the Kronecker symbol, and the A, are functions depending on the 
Fourier images of a/axj (j = 1 , . . . ,  l). 

Hence, instead of the original Schr6dinger equations, one deals with 
the integrodifferential equations defined by A,(P~, . . . ,  Pj) or their inverse 
Fourier images X, ( a / a x l , . . . ,  a/axj). 

Due to a general theorem presented in Rustamov (1987a), the 
Heizenberg-Weyl algebra of invariance of integrodifferential equations on 
the type 

a 2 ~/~ / 

may be represented by the operators 

(~) [ /a2 \l('-~)/~ • o__ j 
OXi ' OXi y=l 

and/ ,  the identity transformation, where y,/3, o', and bj are some constants. 
For example, in the case of the widely used Kane model, one gets the 

following linear combinations of such operators: 

1 (0~j 2iR~ B2tPj ~ + p j  
2 2 2 2 1/2 A j ( R ~ ) = - ~  3h (eg/4+~B P ) ] 

l (~pj  2iR. B2tpj 
A}(R.) = -~ 3h (eg /4+~Bp)2  2 2 2 1 / 2 / - - P J  ( j = l ,  . . . ,  1; /=3) 

where B, eg, h are constants, p2 = Yv PJPJ, and R~ is a constant which labels 
the energy bands (Rustamov, 1987b). 

Such important problems of traditional physical interest as the construc- 
tion of the coherent and squeezed states and Green functior/s may be directly 
solved using these Heizenberg-Weyl algebra operators (Perelomov, 1972; 
Man'ko, 1979). 

Namely, the coherent states (interband ones, to be more precise) in 
the case of the Kane model are 

[--2'~ 3/4 ( iRd/eZg 2B2p2~ 1/2 o~ 2 ot 2 
[a;R.)=~--~--) exp~-~--~-~-+ 3 ) + p 2 + ~ (  y-2l j] _2aypj)} 
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such as 

or 

Aj(R~)I~; R,)=%Ia; R,) 

Iti; Rv) = @(o~)10; R~)= r[ exp[ajA+(R~)-a*A(R,)]lO; R~) 
J 

where Aj(R~)I0; R~) = 0, and tij are the complex eigenvalues of the operators 
Aj(R~). 

The so-called squeezed states (Yuen, 1976; Walls, 1983) with the 
squeeze parameter ~, la, ~; R~), are given by 

la, ~'; R~) = exp(l~ + 
3 Re2[~(p. + 8)*] 

X (--2 Re[ ( .  + t~)(/~ - t~)*]) 3/4 

t t , + ~  ~, + 8 2 ~PJ+- -~  - + 
J 

where/z and 8 satisfy the condition/z 2-  82 = 1 and are the mixing param- 
eters of the single coherent mode with its phase conjugate (Yuen, 1976). 

Using the explicit form of la; R~), it is easy to obtain the Green 
functions of the problem. Namely 

G(P', t'; P, t) 

= 77-3 f_~176 (P' , t'la; g~)(a; R~iP, t) d2a 

_pq2)  
+ P ' 2 + p 2 - ~ ( P J  2 J" J S ( P - P ' )  

where 8 ( P - P ' ) = I ] j  8(Pj-P~); dEti = d(Re a) d(Im a). 
It is easy to see that above functions satisfy the general conditions 

defined for these types of objects, for example, orthogonality and over- 
completeness for the coherent states (Man'ko, 1979), etc. 
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